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In this paper, a class of nonlinear damped wave equations of the form αu′′′(t) + u′′(t) =
βAu(t) + γ Au′(t) + f (t,u(t)), t  0, satisfying αβ < γ with prescribed initial conditions
are studied. Some suﬃcient conditions are established for the existence and uniqueness of
an asymptotically almost periodic solution. These results have signiﬁcance in the study of
vibrations of ﬂexible structures possessing internal material damping. Finally, an example
is presented to illustrate the feasibility and effectiveness of the results.
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1. Introduction
It is well known, that the dynamics of linear vibrations of elastic structures are mathematically governed by the wave
equation. However, the dynamics of elastic vibrations of ﬂexible structures are actually nonlinear in practice. In 1998, Bose
and Gorain [2] studied a more realistic model of vibrations of elastic structure in which the stress is not simply proportional
to the strain. As a result, they shown that the dynamics of vibrations of elastic structures are governed by the following
third order differential equation
αu′′′(t) + u′′(t) − βu(t) − γu′(t) = 0, t  0 (1.1)
with suitable boundary and initial conditions, and where α,β,γ are positive constants satisfying αβ < γ . Concerning
qualitative properties, Bose and Gorain studied boundary stabilization and obtained the explicit exponential energy decay
rate for the solution of (1.1) subject to mixed boundary conditions (see [3,10–12] and references therein). Motivated by
these works, abstract linear equations of the form
αu′′′(t) + u′′(t) − β Au(t) − γ Au′(t) = f (t), α,β,γ ∈R+, t  0, (1.2)
where A is a closed linear operator acting in a Banach space X and f is an X-valued function has been treated in recent
papers [8,9]. We emphasize that the abstract Cauchy problem associated with (1.2) is in general ill-posed, see e.g. [22]. Also
it is well known that in order to analyze well-posedness, a direct approach leads to better results than those obtained by
a reduction to a ﬁrst-order equation, see e.g. [5].
The study of the asymptotic behavior of solutions of a differential equation is one of the most interesting themes of
the qualitative theory of differential equations and for this reason has attracted interest of many researchers over the years.
In the early 40s, this theory was boosted by the introduction of the concept of asymptotically almost periodic functions
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periodic solutions to linear and semilinear abstract differential equations is limited, in general, to equations of ﬁrst and
second order.
For the inhomogeneous linear ﬁrst order Cauchy problem, asymptotically almost periodic solutions have been studied
by Arendt and Batty in [1]. Asymptotically almost periodic solutions for the inhomogeneous linear incomplete second order
equation have been analyzed by Hernández and Henríquez [15]. The study of asymptotically almost periodic solutions for
the inhomogeneous complete second order equation seems to be an open problem, in general. For a recent reference on
asymptotically almost periodic solutions of some classes of functional differential, integral and evolution equations we refer
to the monograph by D.N. Cheban [4]. The results in this paper regard higher order equations (order 3), a fact which is not
frequent in the existing literature, and treats a problem which is new to the best of our knowledge. Indeed, our purpose in
this paper is analyze and to prove the existence of asymptotically almost periodic mild solutions for an abstract semilinear
equation of the form
αu′′′(t) + u′′(t) − βAu(t) − γ Au′(t) = f (t,u(t)), α,β,γ ∈R+, (1.3)
with appropriate initial conditions. The physical motivation for incorporating f as an input disturbance in the governing
differential equation arises from the fact that very small amount of these, are always present in real materials (see e.g. [6])
as long as the system vibrates. Hence it is also reasonable the study of existence of asymptotically almost periodic solutions
when f (t, x) is asymptotically almost periodic in t; that is, asymptotically almost periodic stability of the system.
A surprising fact is that in order to get asymptotic behavior, some initial conditions should be forced to be zero. This
leads to an unexpected property that is not present in the study of the same qualitative property for the Cauchy problem
of order less than 3, see [1,15].
To achieve our goal we use a mixed method, combining tools of certain strongly continuous families in operator theory,
that we introduce in this paper, and ﬁxed point theory. Speciﬁcally, we use contraction mapping principle and Leray–
Schauder alternative theorem. We remark that the latter one requires some compactness conditions. Thus some compactness
assumptions must be imposed on the perturbation in Eq. (1.3). The implementation of this approach is a priori not triv-
ial. Furthermore, we emphasize that the strongly continuous family that we introduce in this article, corresponds to an
extension of the concept of strongly continuous sine operator family, related to second order problems. In this sense, the
machinery introduced in the ﬁrst part of the paper, plays the same role that the theories of C0-semigroups and cosine
(sine) operator families, which are vastly known in the existing literature on abstract differential equations of ﬁrst and
second order, respectively.
This paper is organized as follows: The preliminary Section 2 collects results essentially contained in [17] and standard
literature of almost periodic and asymptotically almost periodic functions (see [23,24]). In particular we establish a result
of composition for asymptotically almost periodic functions (see Lemma 2.8) which is very important in our investigations.
In Section 3 we study suﬃcient conditions for existence of solutions for Eq. (1.3). We emphasize that in order to establish
these results, our approach will be a direct method by constructing suitable operator families related to the homogeneous
equation, without going through the literature of semigroup theory. In fact, Proposition 3.1 gives a complete description of
the solutions in terms of (α,β,γ )-regularized families. It corresponds to an extension of the standard variation of parame-
ters formula. In Section 4, we study conditions for existence and uniqueness of asymptotically almost periodic solutions. We
have two situations: In the linear case, we can ensure conditions for existence of asymptotically almost periodic solution
(see Theorem 4.2). For the semilinear case, we establish suﬃcient conditions for existence of asymptotically almost periodic
mild solutions (see Theorems 4.4, 4.5 and 4.7). Finally, we show that our abstract results apply to Eq. (1.3) in case of A = ,
the Laplacian.
2. Preliminaries
Let α,β,γ ∈R, α = 0 be given. In what follows we denote
k(t) = 1
α
t∫
0
(t − s)e−s/α ds = −α + t + αe−t/α, t ∈R+
and
a(t) = βk(t) + γ
α
t∫
0
e−s/α ds = −(αβ − γ ) + βt + (αβ − γ )e−t/α, t ∈R+.
In order to give a consistent deﬁnition of mild solution for Eq. (1.3) based on an operator theoretical approach, we intro-
duce the following deﬁnition (see [14] for a recent discussion about the concept of mild solutions for nonlinear equations).
Deﬁnition 2.1. Let A be a closed and linear operator with domain D(A) deﬁned on a Banach space X . We call A the
generator of an (α,β,γ )-regularized family {R(t)}t0 ⊂ B(X) if the following conditions are satisﬁed:
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(R2) R(t)D(A) ⊂ D(A) and AR(t)x = R(t)Ax for all x ∈ D(A), t  0;
(R3) The following equation holds
R(t)x = k(t)x+
t∫
0
a(t − s)R(s)Axds (2.1)
for all x ∈ D(A), t  0. In this case, R(t) is called the (α,β,γ )-regularized family generated by A.
Remark 2.2. It is proved in [17], in the more general context of (a,k)-regularized families, that an operator A is the generator
of an (α,β,γ )-regularized family if and only if there exist ω  0 and a strongly continuous function R : R+ → B(X) such
that { λ2+αλ3
β+γ λ : Reλ > ω} ⊂ ρ(A) and
H(λ)x := 1
β + γ λ
(
λ2 + αλ3
β + γ λ − A
)−1
x =
∞∫
0
e−λt R(t)xdt, Reλ > ω, x ∈ X .
Because of the uniqueness of the Laplace transform, we note that an (α,β,γ )-regularized family corresponds to an (a,k)-
regularized family studied in [17]. In fact, we have
aˆ(λ) = β + γ λ
λ2 + αλ3 and kˆ(λ) =
1
λ2 + αλ3 , for all Reλ > ω.
As in the situation of semigroup theory, we have diverse relations of an (α,β,γ )-regularized family and its generator.
The following result is a direct consequence of [17, Proposition 3.1 and Lemma 2.2].
Proposition 2.3. Let R(t) be an (α,β,γ )-regularized family on X with generator A. Then the following hold:
(a) For all x ∈ D(A) we have R(·)x ∈ C2(R+; X).
(b) Let x ∈ X and t  0. Then
t∫
0
a(t − s)R(s)xds ∈ D(A) and
R(t)x = k(t)x+ A
t∫
0
a(t − s)R(s)xds.
Results on perturbation, approximation, asymptotic behavior, representation as well as ergodic type theorems for
(α,β,γ )-regularized families can be also deduced from the more general context of (a,k)-regularized families (see [16–
19,21]).
Let us recall the notion of almost periodicity and asymptotically almost periodicity which shall come into play later on.
Let (X,‖ · ‖) and (Y ,‖ · ‖) be Banach spaces.
Deﬁnition 2.4. (See [23].) A function f :R→ X is called almost periodic if f is continuous, and for each 	 > 0 there exists
l(	) > 0 such that for every interval of length l(	) contains a number τ with the property that ‖ f (t+τ )− f (t)‖ 	 for each
t ∈ R. The number τ above is called an 	-translation number for f , and the collection of such functions will be denoted
AP(X).
We remark that the set AP(X) endowed with the sup norm is a Banach space.
Deﬁnition 2.5. A function f : R × Y → X is called almost periodic if f is continuous, and for each 	 > 0 and any com-
pact K ⊂ Y there exists l(	) > 0 such that every interval I of length l(	) contains a number τ with the property that
‖ f (t + τ , x) − f (t, x)‖ 	 for all t ∈R, x ∈ K . The collection of such functions will be denoted by AP(R× Y , X).
We recall the following standard result in the theory of almost periodic functions.
Lemma 2.6. (See [24].) Let f ∈ AP(R× Y , X) and h ∈ AP(Y ). Then the function f (·,h(·)) ∈ AP(X).
Let C0(R+, X) be the subspace of BC(R+, X) such that limt→∞ ‖x(t)‖ = 0 and C0(R+ × Y , X) denotes the space of all
continuous functions h :R+ × Y → X such that limt→∞ h(t, x) = 0 uniformly for x in any compact subset of Y .
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We observe that AAP(X) is a Banach space with the sup norm. The next lemma will be very useful for our results. We
note that it improves the conditions on a more general result recently established in [20, Theorem 4.1].
Lemma 2.8. Let X and Y two Banach spaces. Suppose that f ∈ AAP(R+ × Y ; X) is uniformly continuous on any bounded subset
K ⊂ Y , uniformly for t  0. Then, u ∈ AAP(Y ) implies f (·,u(·)) ∈ AAP(X).
Proof. Let f = g + h be the decomposition of f with g ∈ AP(R+ × Y ; X) and h ∈ C0(R+ × Y , X). Writing u(t) = v(t) + θ(t),
where v ∈ AP(Y ) and θ ∈ C0(R+; Y ), we observe that
f
(
t,u(t)
)= g(t, v(t))+ f (t,u(t))− g(t, v(t))= g(t, v(t))+ g(t,u(t))− g(t, v(t))+ φ(t,u(t)).
By Lemma 2.6 we have that g(·, v(·)) ∈ AP(X). Since u is a bounded function and φ ∈ C0(R+ × Y ; X) we have
limt→∞ ‖φ(t,u(t))‖ = 0. It remains show that
g
(·,u(·))− g(·, v(·)) ∈ C0(R+; X).
We can see that there is a bounded subset K ⊂ X such that u(t), v(t) ∈ K , for all t  0. Furthermore, for any ﬁxed δ > 0
there is T > 0 for which ‖u(t) − v(t)‖ = ‖θ(t)‖ δ, for all |t| > T . Then, given 	 > 0 we have∥∥g(t,u(t))− g(t, v(t))∥∥ 	,
for |t| > T . 
Let h : R+ → R be a continuous function such that h(t)  1 for all t ∈ R+ , and h(t) → ∞ as t → ∞. We consider the
space
Ch(Z) =
{
u ∈ C(R+, Z): lim
t→∞
u(t)
h(t)
= 0
}
endowed with the norm ‖u‖h = supt0 ‖u(t)‖h(t) .
We use the following result (cf. [7, Lemma 2.2]).
Lemma 2.9. A subset K ⊆ Ch(X) is a relatively compact set if it veriﬁes the following conditions:
(c-1) The set Kb = {u|[0,b]: u ∈ K } is relatively compact in C([0,b]; X) for all b 0.
(c-2) limt→∞ ‖u(t)‖h(t) = 0 uniformly for all u ∈ K .
3. Existence of solutions
Let α,β,γ ∈ (0,∞). Consider the linear equation
u′′(t) + αu′′′(t) = βAu(t) + γ Au′(t) + f (t), (3.1)
with initial conditions u(0) = x, u′(0) = y, u′′(0) = z, where A is the generator of an (α,β,γ )-regularized family R(t). By a
solution of (3.1) we understand a function u ∈ C(R+; D(A)) ∩ C3(R+; X) such that u′ ∈ C(R+; D(A)) and verify (3.1).
The following result gives a complete description of the solutions for Eq. (3.1) in terms of (α,β,γ )-regularized families.
It corresponds to an extension of the standard variation of parameters formula for the second order Cauchy problem.
Proposition 3.1. Let R(t) be an (α,β,γ )-regularized family on X with generator A. If f ∈ L1loc(R+, D(A2)), x ∈ D(A3), y ∈ D(A2)
and z ∈ D(A2) then u(t) given by
u(t) = αR ′′(t)x+ R ′(t)x− γ AR(t)x+ αR ′(t)y + R(t)y + αR(t)z +
t∫
0
R(t − s) f (s)ds, t  0, (3.2)
is a solution of (3.1).
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R ′(t)w = (1− e−t/α)w +
t∫
0
[
β +
(
γ
α
− β
)
e−
1
α (t−s)
]
R(s)Aw ds, w ∈ D(A),
and we conclude from Proposition 2.3(b) that R ′(t)w ∈ D(A) for w ∈ D(A).
R ′′(t)w = 1
α
e−t/αw + γ
α
R(t)Aw +
t∫
0
(
β
α
− γ
α2
)
e−
1
α (t−s)R(s)Aw ds, w ∈ D(A),
and hence by (R2), we have R ′′(t)w ∈ D(A) for w ∈ D(A2).
R ′′′(t)w = − 1
α2
e−t/αw + γ
α
R ′(t)Aw + β
α
R(t)Aw − γ
α2
R(t)Aw
+
t∫
0
(
γ
α3
− β
α2
)
e−
1
α (t−s)R(s)Aw ds, w ∈ D(A2),
and R ′′′(t)w ∈ D(A) for w ∈ D(A2).
R(iv)(t)w = 1
α3
e−t/αw + γ
α
R ′′(t)Aw + β
α
R ′(t)Aw − γ
α2
R ′(t)Aw + γ
α3
R(t)Aw
− β
α2
R(t)Aw +
t∫
0
(
β
α3
− γ
α4
)
e−
1
α (t−s)R(s)Aw ds, w ∈ D(A2),
and R(iv)(t)w ∈ D(A) for w ∈ D(A3).
R(v)(t)w = − 1
α4
e−t/αw + γ
α
R ′′′(t)Aw + β
α
R ′′(t)Aw − γ
α2
R ′′(t)Aw + γ
α3
R ′(t)Aw − β
α2
R ′(t)Aw + β
α3
R(t)Aw
− γ
α4
R(t)Aw +
t∫
0
(
γ
α5
− β
α4
)
e−
1
α (t−s)R(s)Aw ds, w ∈ D(A3),
and R(v)(t)w ∈ D(A) for w ∈ D(A4). From the above, we deduce that if x ∈ D(A3), y ∈ D(A2) and z ∈ D(A2) then R(·)x ∈
C5(R+, X), R(·)y ∈ C4(R+, X) and R(·)z ∈ C3(R+, X). Since f ∈ L1loc(R+, D(A2)) we have
u′(t) = αR ′′′(t)x+ R ′′(t)x− γ R ′(t)Ax+ αR ′′(t)y + R ′(t)y + αR ′(t)z +
t∫
0
R ′(t − s) f (s)ds,
and hence u′(t) ∈ D(A) for x, y ∈ D(A2) and z ∈ D(A).
u′′(t) = αR(iv)(t)x+ R ′′′(t)x− γ R ′′(t)Ax+ αR ′′′(t)y + R ′′(t)y + αR ′′(t)z +
t∫
0
R ′′(t − s) f (s)ds,
and hence u′′(t) ∈ D(A) for x ∈ D(A3) and y, z ∈ D(A2).
u′′(t) = αR(v)(t)x+ R(iv)(t)x− γ R ′′′(t)Ax+ αR(iv)(t)y + R ′′′(t)y + αR ′′′(t)z + 1
α
f (t) +
t∫
0
R ′′′(t − s) f (s)ds,
and hence u ∈ C3(R+, X). Using the fact that A is closed and the expressions for R(i)(t), i = 1, . . . ,5, we can conclude that
u(t) verify (3.1). Finally, a straightforward computation shows that u(0) = x, u′(0) = y and u′′(0) = z. 
Remark 3.2. Observe that in the border case α = 0, with γ = 0, the above theorem recover the variation of parameters
formula for the second order Cauchy problem u′′(t) = Au(t)+ f (t), so that the (0, β,0)-regularized family R(t) corresponds
in this case to the sine family generated by A and R ′(t) is the respective cosine family.
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Theorem 3.3. (See [9].) Let −B be a positive selfadjoint operator on a Hilbert space H such that
αβ  γ .
Then B is the generator of a bounded (α,β,γ )-regularized family on H .
4. Asymptotically almost periodic solutions
In this section we study existence of asymptotically almost periodic solutions for the equation
u′′(t) + αu′′′(t) = βAu(t) + γ Au′(t) + f (t), (4.1)
with initial conditions u(0) = x, u′(0) = y, u′′(0) = z, where A is the generator of an (α,β,γ )-regularized family R(t).
Assume that R(t) is differentiable. We introduce the following assumption.
(ED) There are constants M > 0 and ω > 0 such that∥∥R ′(t)∥∥+ ∥∥R(t)∥∥ Me−ωt, t  0.
We say in short that R(t) and R ′(t) are exponentially stable. The following result on regularity of the convolution under
asymptotically almost periodic functions is one of the keys to obtain our results.
Lemma 4.1. Let R(t) be an exponentially stable (α,β,γ )-regularized family on X with generator A. If f ∈ AAP(X) then the function
F (t) =
t∫
0
R(t − s) f (s)ds
belongs to AAP(X).
Proof. If f = g + h with g ∈ AP(X) and h ∈ C0(R+, X) then we have that F (t) = G(t) + H(t), where
G(t) :=
t∫
−∞
R(t − s)g(s)ds
and
H(t) :=
t∫
0
R(t − s)h(s)ds −
0∫
−∞
R(t − s)g(s)ds.
For 	 > 0, we take l(	) involved in Deﬁnition 2.4, then for every interval of length l(	) contains a number τ such that
‖g(t + τ ) − g(t)‖ < 	 for each t ∈R. The estimate
∥∥G(t + τ ) − G(t)∥∥
∞∫
0
∥∥R(s)∥∥∥∥g(t − s + τ ) − g(t − s)∥∥ds

(
M
∞∫
0
e−ωs ds
)
	,
is responsible for the fact that G ∈ AP(X). We claim that ‖H(t)‖ → 0 as t → ∞. In fact, for each 	 > 0 there exists a T > 0
such that ‖h(s)‖ 	 for all s > T . Then for all t > 2T we deduce
∥∥H(t)∥∥
t/2∫
0
Me−ω(t−s)
∥∥h(s)∥∥ds +
t∫
t/2
Me−ω(t−s)
∥∥h(s)∥∥ds +
∞∫
t
Me−ωs
∥∥g(t − s)∥∥ds
 M
(‖h‖∞ + ‖g‖∞)
∞∫
t
e−ωs ds + 	M
∞∫
0
e−ωs ds.
Therefore, limt→∞ H(t) = 0, that is, H ∈ C0(R+, X). This completes the proof. 
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theorem.
Theorem 4.2. Let R(t) be an (α,β,γ )-regularized family on X with generator A that satisﬁes assumption (ED). If f ∈ AAP(X) is
such that f (t) ∈ D(A2) for all t  0, then Eq. (4.1) with initial conditions u(0) = 0, u′(0) = y ∈ D(A2) and u′′(0) = z ∈ D(A2) has a
unique solution u ∈ AAP(X).
Proof. Let f ∈ AAP(X) such that f (t) ∈ D(A2) and y, z ∈ D(A2). From Proposition 3.1 we have that the solution for Eq. (4.1)
is given by
u(t) = αR ′(t)y + R(t)y + αR(t)z +
t∫
0
R(t − s) f (s)ds.
From Lemma 4.1 we have that g(t) = ∫ t0 R(t − s) f (s)ds belongs to AAP(X). On the other hand, if t → ∞ we have that‖αR ′(t)y‖ α‖y‖Me−ωt → 0, ‖R(t)y‖ ‖y‖Me−ωt → 0 and∥∥αR(t)z∥∥ α‖z‖Me−ωt → 0.
Therefore, u ∈ AAP(X). 
From now we study the semilinear version of Eq. (4.1), that is, we consider the initial value problem{
u′′(t) + αu′′′(t) = βAu(t) + γ Au′(t) + f (t,u(t)), t  0;
u(0) = 0, u′(0) = y, u′′(0) = z, (4.2)
where α,β,γ ∈ (0,∞), A is the generator of an (α,β,γ )-regularized family R(t) and f : R+ × X → X is a suitable func-
tion.
Motivated by the results of the previous section we introduce the following concept.
Deﬁnition 4.3. Let R(t) be an (α,β,γ )-generalized family on X with generator A. A continuous function u : R+ → X
satisfying the integral equation
u(t) = αR ′(t)y + R(t)y + αR(t)z +
t∫
0
R(t − s) f (s,u(s))ds, ∀t  0,
where y, z ∈ X is called a mild solution to Eq. (4.2).
Initially we study conditions to existence and uniqueness of a mild solution for Eq. (4.2) when the function f is Lipschitz
continuous.
Theorem 4.4. Let R(t) be an (α,β,γ )-regularized family on X with generator A that satisﬁes assumption (ED). Let f ∈
AAP(R+ × X, X) and suppose that there exists an integrable bounded function L :R+ →R+ such that∥∥ f (t, x) − f (t, y)∥∥ L(t)‖x− y‖, ∀x, y ∈ X, t  0. (4.3)
Then Eq. (4.2) has a unique asymptotically almost periodic mild solution.
Proof. We deﬁne the operator Λ on the space AAP(X) by
Λu(t) = αR ′(t)y + R(t)y + αR(t)z +
t∫
0
R(t − s) f (s,u(s))ds. (4.4)
We show that Λu ∈ AAP(X). Initially we observe that since R(t)y → 0, αR(t)z → 0 and αR ′(t)y → 0 as t → ∞, then
R(·)y ∈ AAP(X), αR(·)z ∈ AAP(X) and αR ′(·)y ∈ AAP(X). It follows from Lemma 2.8 that the function s → f (s,u(s)) is
asymptotically almost periodic; then by Lemma 4.1
t∫
R(t − s) f (s,u(s))ds ∈ AAP(X).0
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∥∥Λu1(t) − Λu2(t)∥∥ M
t∫
0
e−ω(t−s)L(s)ds‖u1 − u2‖∞
 M
t∫
0
L(s)ds‖u1 − u2‖∞
 M‖L‖1‖u1 − u2‖∞,
hence,
∥∥(Λ2u1)(t) − (Λ2u2)(t)∥∥ M2
( t∫
0
L(s)
( s∫
0
L(τ )dτ
)
ds
)
‖u1 − u2‖∞
 M
2
2
( t∫
0
L(τ )dτ
)2
‖u1 − u2‖∞
 (M‖L‖1)
2
2
‖u1 − u2‖∞.
In general, we get the following estimate
∥∥(Λnu1)(t) − (Λnu2)(t)∥∥ (C‖L‖1)n
n! ‖u1 − u2‖∞.
Since (M‖L‖1)
n
n! < 1 for n suﬃciently large, by the ﬁxed point iteration method Λ has a unique ﬁxed point u ∈ AAP(X). This
completes the proof. 
A new Lipschitz condition is considered in the next result.
Theorem 4.5. Let R(t) be an (α,β,γ )-regularized family on X with generator A that satisﬁes assumption (ED). Let f ∈
AAP(R+ × X, X) and suppose that f satisﬁes the Lipschitz condition (4.3) with L a bounded continuous function. Let θ(t) =∫ t
0 e
−ω(t−s)L(s)ds. If there is a constant k > 0 such that Mθ(t)  k < 1, where M > 0 is the constant given in the assumption
(ED), then Eq. (4.2) has a unique mild solution u ∈ AAP(X).
Proof. Deﬁne the map Λ : AAP(X) → AAP(X) by expression (4.4). A similar argument as the proof of Theorem 4.4 shows
that Λ is well deﬁned. We next proof that Λ is a k-contraction. In fact, given u, v ∈ AAP(X) we have that
∥∥Λu(t) − Λv(t)∥∥ M
t∫
0
e−ω(t−s)L(s)
∥∥u(s) − v(s)∥∥ds
 M
t∫
0
e−ω(t−s)L(s)ds‖u − v‖∞
 Mθ(t)‖u − v‖∞
 k‖u − v‖∞.
Hence, by the Banach’s ﬁxed point theorem we conclude the proof. 
The next result is an immediate consequence of Theorem 4.5.
Corollary 4.6. Let R(t) be an (α,β,γ )-regularized family on X with generator A that satisﬁes assumption (ED). Let f ∈
AAP(R+ × X, X) and suppose that f satisﬁes the Lipschitz condition∥∥ f (t, x) − f (t, y)∥∥ k‖x− y‖
for all x, y ∈ X and t  0. If Mkω < 1, where M and ω are the constants given in the assumption (ED), then Eq. (4.2) has a unique mild
solution u ∈ AAP(X).
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f is not Lipschitz continuous. To establish our result, we consider functions f : R+ × X → X that satisfy the following
boundedness condition.
(B) There exists a continuous nondecreasing function W :R+ →R+ such that∥∥ f (t, x)∥∥W (‖x‖),
for all t ∈R+ and x ∈ X . We have the following result.
Theorem 4.7. Let f ∈ AAP(R+ × X; X) be a function that satisﬁes assumption (B), and the following conditions:
(a) For each ν  0,
lim
t→∞
1
h(t)
t∫
0
e−ω(t−s)W
(
νh(s)
)
ds = 0.
(b) For each ε > 0 there is δ > 0 such that for every u, v ∈ Ch(X), ‖v − u‖h  δ implies that
M
t∫
0
e−ω(t−s)
∥∥ f (s, v(s))− f (s,u(s))∥∥ds 	,
for all t ∈R+.
(c) For all a,b ∈R+ , a b, and r > 0, the set{
f
(
s,h(s)x
)
: a s b, x ∈ X, ‖x‖ r}
is relatively compact in X.
(d) lim infξ→∞ ξβ(ξ) > 1, where
β(ν) :=
∥∥∥∥∥
∥∥αR ′(·)y∥∥+ ∥∥R(·)y∥∥+ ∥∥αR(·)z∥∥+ M
·∫
0
e−ω(·−s)W
(
νh(s)
)
ds
∥∥∥∥∥
h
.
Then Eq. (4.2) has an asymptotically almost periodic mild solution.
Proof. We deﬁne the operator Λ on Ch(X) by
Λu(t) = αR ′(t)y + R(t)y + αR(t)z +
t∫
0
R(t − s) f (s,u(s))ds.
We show that Λ has a ﬁxed point in AAP(X). We divide the proof in several steps.
(i) For u ∈ Ch(X), we have that
∥∥Λu(t)∥∥ (α + 1)M‖y‖ + αM‖z‖ + M
t∫
0
e−ω(t−s)W
(‖u‖hh(s))ds. (4.5)
It follows from condition (a) that Λ : Ch(X) → Ch(X).
(ii) The map Λ is continuous. In fact, for ε > 0, we take δ involved in condition (b). If u, v ∈ Ch(X) and ‖u − v‖h  δ,
then
∥∥Λu(t) − Λv(t)∥∥ M
t∫
0
e−ω(t−s)
∥∥ f (s,u(s))− f (s, v(s))∥∥ds ε,
which shows the assertion.
(iii) We next show that Λ is completely continuous. We set Br(Z) for the closed ball with center at 0 and radius r in a
space Z . Let V = Λ(Br(Ch(X))) and v = Λ(u) for u ∈ Br(Ch(X)). Initially, we prove that Vb(t) is a relatively compact subset
of X for each t ∈ [0,b]. We get
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t∫
0
R(s) f
(
t − s,u(t − s))ds ∈ αR ′(t)y + R(t)y + αR(t)z + tc(K ),
where c(K ) denotes the convex hull of K and K = {R(s) f (ξ,h(ξ)x): 0  s  t, 0  ξ  t, ‖x‖  r}. Using the fact that
R(·) is strongly continuous and the property (c), we infer that K is a relatively compact set, and Vb(t) ⊆ αR ′(t)y + R(t)y +
αR(t)z+ tc(K ), which establishes our assertion. We next show that the set Vb is equicontinuous. In fact, we can decompose
v(t + s) − v(t) = α(R ′(t + s) − R ′(t))y + (R(t + s) − R(t))y + α(R(t + s) − R(t))z
+
t+s∫
t
R(t + s − ξ) f (ξ,u(ξ))dξ +
t∫
0
(
R(ξ + s) − R(ξ)) f (t − ξ,u(t − ξ))dξ.
For each 	 > 0, we can choose δ1 > 0 such that∥∥∥∥∥
t+s∫
t
R(t + s − ξ) f (ξ,u(ξ))dξ
∥∥∥∥∥ M
t+s∫
t
e−ω(t+s−ξ)W
(
rh(ξ)
)
dξ  	/5,
for s δ1. Moreover, since { f (t− ξ,u(t − ξ)): 0 ξ  t, u ∈ Br(Ch(X))} is relatively compact set, R(·) and R ′(·) are strongly
continuous, we can choose δi > 0, i = 2, . . . ,5 such that∥∥α(R ′(t + s) − R ′(t))y∥∥ 	/5, s δ2,∥∥(R(t + s) − R(t))y∥∥ 	/5, s δ3,∥∥α(R(t + s) − R(t))z∥∥ 	/5, s δ4
and ∥∥(R(ξ + s) − R(ξ)) f (t − ξ,u(t − ξ))∥∥ 	
5t
, s δ5.
Combining these estimates, we get ‖v(t + s) − v(t)‖ ε for s small enough and independent of u ∈ Br(Ch(X)).
Finally, applying condition (a), we can show that
‖v(t)‖
h(t)
 (α + 1)M‖y‖
h(t)
+ αM‖z‖
h(t)
+ M
h(t)
t∫
0
e−ω(t−s)W
(
rh(s)
)
ds → 0, t → ∞,
and this convergence is independent of u ∈ Br(Ch(X)). Hence V satisﬁes conditions (c-1) and (c-2) of Lemma 2.9, which
completes the proof that V is a relatively compact set in Ch(X).
(iv) If uλ(·) is a solution of equation uλ = λΛ(uλ) for some 0< λ < 1, we have the estimate ‖uλ‖h
β(‖uλ‖h)  1 and, combining
with condition (d), we conclude that the set K˜ := {uλ: uλ = λΛ(uλ), λ ∈ (0,1)} is bounded.
(v) It follows, from Lemma 2.8 and Lemma 4.1, that Λ(AAP(X)) ⊆ AAP(X) and, consequently, we can consider
Λ : AAP(X) → AAP(X). Using properties (i)–(iii), we have that this map is completely continuous. Taking into account that K˜
is bounded and using Leray–Schauder alternative theorem [13, Theorem 6.5.4], we infer that Λ has a ﬁxed point u ∈ AAP(X).
Let (un)n be a sequence in AAP(X) that converges to u. We see that (Λun)n converges to Λu = u uniformly in R+ . This
implies that u ∈ AAP(X), and completes the proof. 
We ﬁnish this paper with the following application, which gives suﬃcient conditions for the existence of asymptotically
almost periodic solutions of the problem stated in the introduction.
Example 4.8. Let Ω be a bounded domain in Rn with smooth boundary ∂Ω , and 0 < λ < μ. Consider the equation [2]:
u′′(t) + λu′′′(t) = c2u(t) + c2μu′(t) + f (t,u(t)). (4.6)
Deﬁne α = λ, β = c2 and γ = c2μ. Then αβ < γ . It is well known that the Dirichlet–Laplacian operator  with domain
H2(Ω) ∩ H10(Ω) is a selfadjoint operator on L2(Ω) and σ() ⊂ (−∞,0). It follows from Theorem 3.3 that B =  is the
generator of an (α,β,γ )-regularized family R(t) on X = L2(Ω). By Proposition 3.1 it follows that u(t) = αR(t)w is the
unique solution of (4.6) with initial conditions u(0) = u′(0) = 0 and u′′(0) = w ∈ D(2).
Deﬁne v = u + λu′. Then Eq. (4.6) becomes the system
v ′′(t) = c2v(t) + c2(μ − λ)u′(t) (4.7)
B. de Andrade, C. Lizama / J. Math. Anal. Appl. 382 (2011) 761–771 771with initial condition v(0) = 0. The energy functional of this system is given by
E(t) = 1
2
∫
Ω
v ′2 + c2|∇v|2 + c2λ(ν − λ)∣∣∇u′∣∣2 dx. (4.8)
It was proved by Bose and Gorain [2] that the energy of the system tends to zero exponentially as t → ∞, that is, there
exist constants M > 0 and ν > 0 such that
E(t) Me−νt, t  0. (4.9)
In particular, from the deﬁnition of E(t) follows that ‖∇v(t)‖L2  Me−νt and ‖∇u′(t)‖L2  Me−νt . Hence, Poincare’s in-
equality and the deﬁnition of v imply that there exists a constant Cw > 0 such that∥∥αR(t)w∥∥= ∥∥u(t)∥∥ ∥∥v(t)∥∥+ λ∥∥u′(t)∥∥ Cwe−νt .
In particular, ‖R ′(t)w‖ = ‖u′(t)‖ Cwe−νt . Finally, the uniform boundedness principle implies that there exists C > 0 such
that ∥∥R ′(t)∥∥+ ∥∥R(t)∥∥ Ce−νt, t  0.
Now, from Theorem 4.2 we conclude that for each f ∈ AAP(L2(Ω)) such that f (t) ∈ D(2) for all t  0, the linear equation
u′′(t) + λu′′′(t) = c2u(t) + c2μu′(t) + f (t)
with initial conditions u(0) = 0, u′(0) = y ∈ D(2) and u′′(0) = z ∈ D(2) has a unique solution u ∈ AAP(L2(Ω)). On the
other hand, from Theorem 4.4, given f ∈ AAP(R+ × X, X) and assuming that there exists an integrable bounded function
L :R+ →R+ such that∥∥ f (t, x) − f (t, y)∥∥ L(t)‖x− y‖, ∀x, y ∈ X, t  0, (4.10)
we conclude that the nonlinear equation (4.6) with initial conditions u(0) = 0 and u′(0) = y ∈ L2(Ω) and u′′(0) = z ∈ L2(Ω)
has a unique asymptotically almost periodic mild solution (AAP).
This result shows that the output solution u is AAP for every AAP input disturbance f . Consequently, amplitude of the
vibrations remains bounded and decay to zero when amplitude of the disturbances is small and decay to zero. Hence,
Eq. (4.6) is AAP-input AAP-output stable.
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